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1. INTRODUCTION
 In 1938, Ostrowski proved the following integral inequality 5, p. 468
   THEOREM 1. Let f : a, b  R be continuous on a, b and differentiable
Ž . Ž . Ž .  on a, b whose deriatie f : a, b  R is bounded on a, b , i.e., f  
 Ž . sup f  t  . Then we obtain the inequalityt Ža, b.
21 1 x a b 2Ž .Ž .b
 f x  f t dt   b a f Ž . Ž . Ž .H 2b a 4a b aŽ .
1 for all x a, b . The constant is the best possible.4
 For some generalizations see the book 5, pp. 468484 .
Some applications of the above results in numerical integration and for
 special means have been given in 3 .
 In 4 , the authors established the following Ostrowski type inequality
for differentiable mappings whose derivatives belong to L -spaces.p
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THEOREM 2. Let f : I	 R R be a differentiable mapping on I and
1 1Ž . Ž .a, b I with a b. If f  L a, b p 1,  
 1 , then we hae thep p q
inequality
1
qq1 q11 1 x a  b xŽ . Ž .b
 f x  f t dt  f Ž . Ž .H pb a b a q 1a
 4   Ž b  Ž .  p .1 p Ž .for all x a, b , where f   H f  t dt is the L a, b -norm.p a p
Note that the above inequality can also be obtained from Fink’s result
Ž  .see, for example, Theorem 1 of 5, p. 471 for n
 1 and appropriate
computations.
 For other Ostrowski type inequalities, see the papers 1, 2, 4 .
In this article, we point out other generalizations of the Ostrowski
inequality with natural applications for quadrature formulae in numerical
analysis. Some applications in connection with the well known rectangle,
trapezoid, mid-point, and Simpson’s rule are also established.
2. SOME INTEGRAL INEQUALITIES
We start with the following result
THEOREM 3. Let I : a
 x  x    x  x 
 b be a diisionk 0 1 k1 k
  Ž .of the interal a, b and  i
 0, . . . , k 1 be ‘‘k 2’’ points so thati
  Ž .   
 a,   x , x i
 1, . . . , k and  
 b. If f : a, b  R is0 i i1 i k1
 absolutely continuous on a, b , then we hae the inequality
k
b
f x dx    f xŽ . Ž . Ž .ÝH i1 i i
a i
0
1
qk11 q1 q1  f    x  x  Ž . Ž .1 Ýp i1 i i1 i1
qq 1Ž . i
0
1 1
q qk11  h b aŽ . Ž .
q1   2.1  f  h  f  ,Ž . 1 1Ýp pi
q qq 1 q 1Ž . Ž .i
0
Ž . Ž .   4where h  x  x i
 0, . . . , k 1 ,  h max h i
 0, . . . , n , pi i1 i i
1 1    1,  
 1, and  is the usual L a, b -norm.p pp q
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  Ž  .Proof. Define the mapping K : a, b  R given by see also 6
t  , t a, x .1 1
t  , t x , x .2 1 2K t Ž . 
t  , t x , x .k1 k2 k1  t  , t x , b .k k1
Integrating by parts, we have successively
b
K t f  t dtŽ . Ž .H
a
k1 x i1

 K t f  t dtŽ . Ž .Ý H
xii
0
k1 x i1

 t  f  t dtŽ . Ž .Ý H i1
xii
0
k1 x i1x i1
 t  f t  f t dtŽ . Ž . Ž .Ý x Hi1 i
xii
0
k1
b

   x f x  x   f x  f t dtŽ . Ž . Ž . Ž . Ž .Ý Hi1 i i i1 i1 i1
ai
0
k1

   a f a     f xŽ . Ž . Ž . Ž .Ý1 i1 i i
i
1
k2
b
 x   f x  b  f b  f t dtŽ . Ž . Ž . Ž . Ž .Ý Hi1 i1 i1 n
ai
0
k1 k1

   a f a    x f x  x   f xŽ . Ž . Ž . Ž . Ž . Ž .Ý Ý1 i1 i i i i i
i
1 i
1
b
 b  f b  f t dtŽ . Ž . Ž .Hn
a
k1

   a f a    x f x  b  f bŽ . Ž . Ž . Ž . Ž . Ž .Ý1 i1 i i n
i
1
b
 f t dtŽ .H
a
k
b

    f x  f t dtŽ . Ž . Ž .Ý Hi1 i i1
ai
0
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Ž  .and then we have the integral equality see also 6
k
b b
2.2 f t dt
    f x  K t f  t dt .Ž . Ž . Ž . Ž . Ž . Ž .ÝH Hi1 i i
a ai
0
On the other hand, we have
k1 xb i1
K t f  t dt 
 K t f  t dtŽ . Ž . Ž . Ž .ÝH H
a xii
0
k1 x i1
    K t f  t dtŽ . Ž .Ý H
xii
0
k1 x i1
   2.3 
 t  f  t dt .Ž . Ž .Ý H i1
xii
0
Using Holder’s integral inequality, we get¨
xi1
   t  f  t dtŽ .H i1
xi
1 1
q qx xi1 i1q p   2.4  t  dt f  t dt .Ž . Ž .H Hi1ž / ž /x xi i
But
xi1x i1 i1 q qq t  dt
   t dt t  dtŽ . Ž .ÝH Hi1 i1 i1
x xi i  i1
1 q1 q1
   x  x  Ž . Ž .i1 i i1 i1q 1Ž .
Ž .and then, by the inequality 2.4 , we deduce
xi1
   t  f  t dtŽ .H i1
xi
11
qq1 q1   x  x  Ž . Ž .1 i1 i i1 i1
qq 1Ž .
1
qxi1 p 2.5  f  t dt .Ž . Ž .Hž /xi
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Ž . Ž .By relations 2.3  2.5 and by Holder’s discrete inequality we get¨
b
K t f  t dtŽ . Ž .H
a
k1 11
qq1 q1   x  x  Ž . Ž .1 Ý i1 i i1 i1
qq 1Ž . i
0

1
pxi1 p f  t dtŽ .Hž /xi
1
qqk1 11
qq1 q1   x  x  Ž . Ž .1 Ý i1 i i1 i1ž /
qq 1Ž . i
0
1p p1
k1 pxi1 p  f  t dtŽ .Ý Hž /ž /xii
0
1
qk11 q1 q1  
   x  x   f Ž . Ž .1 Ý pi1 i i1 i1
q ž /q 1Ž . i
0
Ž .and the first inequality in 2.1 is proved.
  Ž . Ž .q1Now, consider the mapping g :  ,   R, g t 
 t   
Ž .q1 t . Then
q q
g  t 
 q 1 t    t ,Ž . Ž . Ž . Ž .
   Ž . Ž .  . Ž .g  t 
 0 iff t
 and g  t  0 if t  , and g  t  0 if t2 2
 Ž ,  , which shows that2
q1
   Ž .
2.6 inf g t 
 g 
Ž . Ž . qž /2 2 t  , 
and
q12.7 sup g t 
 g  
 g  
   .Ž . Ž . Ž . Ž . Ž .
 t  , 
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Ž .Using the above bound 2.7 , we get
k1 k1
q1 q1 q1  x  x    h ,Ž . Ž .Ý Ýi1 i i1 i1 i
i
0 i
0
Ž .and the second inequality in 2.1 is obtained.
For the last inequality we only remark that
k1 k1
q1 q qh   h h 
 b a  h .Ž . Ž . Ž .Ý Ýi i
i
0 i
0
The theorem is completely proved.
Now, if we assume that the points of the division I are fixed, then thek
best inequality we can obtain from Theorem 3 is embodied in the following
corollary.
COROLLARY 1. Let I : a
 x  x    x  x 
 b be a diisionk 0 1 k1 k
 of the interal a, b . If f is as aboe, then we hae the inequality
1b
f x dx x  a f aŽ . Ž . Ž .H 12a
k1
 x  x f x  b x f bŽ . Ž . Ž . Ž .Ý i1 i1 i k1
i
1
1 1
q qk11  h b aŽ . Ž .
q1   2.8  f  h  f  .Ž . 1 1Ýp pi
q q2 q 1 2 q 1Ž . Ž .i
0
Proof. We choose in Theorem 3,
a x x  x1 1 2
 
 a,  
 ,  
 , . . . ,0 1 22 2
x  x x  xk2 k1 k1 k
 
 ,  
 , and  
 b.k1 k k12 2
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In this case we get
k
   f xŽ . Ž .Ý i1 i i
i
0
a x x  x a x1 1 2 1
  a f a   f xŽ . Ž .1ž / ž /2 2 2
x  b x  xk1 k2 k1   f xŽ .k1ž /2 2
x  bk1 b f bŽ .ž /2
k11

 x  a f a  x  x f xŽ . Ž . Ž . Ž .Ý1 i1 i1 i2 i
1
 b x f b .Ž . Ž .k1
Ž . Ž .Applying the inequality 2.1 , we obtain the desired result 2.8 .
The case of equidistant partitioning is important in practice.
COROLLARY 2. Let
b a
I : x  a i i
 0, . . . , kŽ .k i k
 be an equidistant partitioning of a, b . If f is as aboe, then we hae the
inequality
1 f a  f bŽ . Ž .b
f x dx  b aŽ . Ž .H k 2a
k1b a k i a ibŽ . Ž .
 fÝk ki
1
11 qb aŽ .
 2.9  f  .Ž . 1 p
q2k q 1Ž .
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3. THE CONVERGENCE OF A GENERAL QUADRATURE
FORMULA
Let 	 : a
 x Žn. x Žn.   x Žn.  x Žn. 
 b be a sequence of divi-n 0 1 n1 n
 sion of a, b and consider the sequence of numerical integration formulae
n
Žn. Žn.3.1 I f , 	 , w  w f x ,Ž . Ž . Ž .Ýn n n j j
j
0
Žn. Ž . n Žn.where w j
 0, . . . , n are the quadrature weights and Ý w 
j j
0 j
b a.
The following theorem contains a sufficient condition for the weights
Žn. Ž . b Ž .w so that I f , 	 , w approximates the integral H f x dx.j n n n a
 THEOREM 4. Let f : a, b  R be an absolutely continuous mapping on
  Žn.a, b . If the quadrature weights w satisfy the conditionj
i
Žn. Žn. Žn.3.2 x  a w  x  a for all i
 0, . . . , n 1,Ž . Ýi j i1
j
0
then we hae the estimation
b
I f , 	 , w  f x dxŽ . Ž .Hn n n
a
q1n1 i1
Žn. Žn.  f  a w  x1 Ý Ýp j i
q ž /q 1Ž . i
0 j
0
1qq1i
Žn. Žn. x  a wÝi1 jž /j
0
1 1Žn.q qn11  h b aŽ . Ž .q1Žn.   3.3  f  h  f  ,Ž . 1 1Ýp pi
q qq 1 q 1Ž . Ž .i
0
Ž Žn..  Žn.  4 Žn. Žn. Žn.where  h max h i
 0, . . . , n 1 and h  x  x . Particu-i i i1 i
 larly, if f   , thenp
b
lim I f , 	 , w 
 f x dxŽ . Ž .Hn n n
Žn.Ž . a h 0
uniformly by rapport of the weight w .n
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Proof. Define the sequence of real numbers
i
Žn. Žn.  a w , i
 0, . . . , n.Ýi1 j
j
0
Note that
n
Žn. Žn. 
 a w 
 a b a
 b.Ýn1 j
j
0
Ž . Žn.  Žn. Žn. By the assumptions 3.2 we have   x , x for all i
 0, . . . ,i1 i i1
n 1. Define  Žn. 
 a and compute0
 Žn.   Žn. 
 w Žn. ,1 0 0
i i1
Žn. Žn. Žn. Žn. Žn.   
 a w  a w 
 w i
 1, . . . , n 1Ž .Ý Ýi1 i j j i
j
0 j
0
and
n n1
Žn. Žn. Žn. Žn. Žn.   
 a w  a w 
 w .Ý Ýn1 n j j n
j
0 j
0
Consequently
n n
Žn. Žn. Žn. Žn. Žn.   f x 
 w f x 
 I f , 	 , w .Ž .Ž . Ž . Ž .Ý Ýi1 n i i i n n n
i
0 i
0
Ž . Ž .Applying the inequality 2.1 we get the estimate 3.3 .
The uniform convergence by rapport of quadrature weights w Žn. isj
obvious by the last inequality.
The case when the partitioning is equidistant is important in practice.
Consider then the partitioning
b a
Žn.E : x  a i i
 0, . . . , nŽ .n i 2
and define the sequence of numerical quadrature formulae
n i
Žn.I f , w  w f a b a .Ž . Ž .Ýn n i ni
0
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The following result holds:
   COROLLARY 3. Let f : a, b  R be absolutely continuous on a, b . If
the quadrature weights w Žn. satisfy the conditionj
ii i 1
Žn.3.4  w  , i
 0, . . . , n 1,Ž . Ý jn nj
0
then we hae the estimate
1b
 I f , w  f x dx  f Ž . Ž . 1H pn n
qa q 1Ž .
q1n1 i i
Žn. w  b aŽ .Ý Ý j n	 i
0 j
0
1
qq1ii 1
Žn. b a  wŽ . Ý jn 0j
0
11 qb aŽ .
 3.5  f  .Ž . 1 p
qn q 1Ž .
 Particularly, if f   , thenp
b
3.6 lim I f , w 
 f x dxŽ . Ž . Ž .Hn n
n a
uniformly by rapport of w .n
4. SOME PARTICULAR INTEGRAL INEQUALITIES
In this section we point out some particular inequalities which general-
ize some classical results such as the Rectangle Inequality, Trapezoid
Inequality, Ostrowski’s Inequality, Midpoint Inequality, Simpson’s Inequal-
ity, and others.
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   PROPOSITION 1. Let f : a, b  R be absolutely continuous on a, b and
  a, b . Then we hae the inequality
b
f x dx  a f a  b  f bŽ . Ž . Ž . Ž . Ž .H
a
11
qq1 q1  f   a  b Ž . Ž .1 p
qq 1Ž .
11 qb aŽ .
 4.1  f  .Ž . 1 p
qq 1Ž .
Proof. This follows from Theorem 3 by choosing x 
 a, x 
 b,  
0 1 0
 a,  
  a, b , and  
 b.1 2
Ž . Ž .Remark 1. a If in 4.1 we put 
 b, then we get the ‘‘left rectangu-
lar inequality’’
11 qb aŽ .b
 4.2 f x dx b a f a  f  .Ž . Ž . Ž . Ž . 1H p
qa q 1Ž .
Ž . Ž .b If 
 a, then by 4.1 we get the ‘‘right rectangle inequality’’
11 qb aŽ .b
 4.3 f x dx b a f b  f  .Ž . Ž . Ž . Ž . 1H p
qa q 1Ž .
Ž . Ž .c It is clear that the best estimation we can have in 4.1 is for 
a b
 getting the ‘‘trapezoid inequality’’2
11 qf a  f b 1 b aŽ . Ž . Ž .b
 4.4 f x dx b a  f  .Ž . Ž . Ž . 1H p
q2 2a q 1Ž .
Another particular integral inequality with many applications is the
following one:
 PROPOSITION 2. Let f : a, b  R be an absolutely continuous mapping
 on a, b and a x  b, a   x    b. Then we hae the in-1 1 1 2
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equality
b
f x dx   a f a     f x  b  f bŽ . Ž . Ž . Ž . Ž . Ž . Ž .H 1 2 1 1 2
a
1 q1 q1  f    a  x  Ž . Ž .1 p 1 1 1
qq 1Ž .
1
qq1 q1   x  b Ž . Ž .2 1 2
11
qq1 q1  f  x  a  b xŽ . Ž .1 p 1 1
qq 1Ž .
11 qb aŽ .
 4.5  f  .Ž . 1 p
qq 1Ž .
Proof. Consider the division a
 x  x  x 
 b and the numbers0 1 2
    
 a,   a, x ,   x , b ,  
 b. Applying Theorem 3 for these0 1 1 2 1 3
particular choices we easily get the desired inequalities.
We omit the details.
 COROLLARY 4. Let f be as aboe and x  a, b . Then we hae Os-1
Ž  .trowski’s inequality see also 4
b
f x dx b a f xŽ . Ž . Ž .H 1
a
11
qq1 q1  f  x  a  b xŽ . Ž .1 p 1 1
qq 1Ž .
11 qb aŽ .
 4.6  f  .Ž . 1 p
qq 1Ž .
The proof follows by the above theorem choosing  
 a,  
 b.1 2
a b Ž .Remark 2. If we choose x 
 in 4.6 , then we get the ‘‘midpoint1 2
inequality’’
11 qa b b aŽ .b
 4.7 f x dx f b a  f  .Ž . Ž . Ž . 1H pž / q2a 2 q 1Ž .
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The following corollary generalizing Simpson’s inequality holds:
5a  b a  5b COROLLARY 5. Let f be as aboe and x  , . Then we hae1 6 6
the inequality
b a f a  f bŽ . Ž .b
f x dx  2 f xŽ . Ž .H 13 2a
q11 b aŽ .
  f  2 1 p q1
q 6q 1Ž .
1qq1 q15a b a 5b
4.8  x    x .Ž . 1 1ž / ž /6 6
5a  bThe proof follows by Proposition 2 by choosing  
 and 1 22
a 5b
 .2
a bŽ .Remark 3. Now, if in 4.8 we choose x 
 , then we get ‘‘Simpson’s1 2
inequality’’
b a f a  f b a bŽ . Ž .b
f x dx  2 fŽ .H ž /3 2 2a
1
qq11 2  1 11 q 4.9  b a f  .Ž . Ž .1 pž /q 36 q 1Ž .
The following corollary also holds:
a bCOROLLARY 6. Let f be as aboe and a      b. Then we1 22
hae the inequality
a bb
f x dx   a f a     f  b  f bŽ . Ž . Ž . Ž . Ž . Ž .H 1 2 1 2ž /2a
q11 a bq1  f    a   Ž .1 p 1 1ž /q 2q 1Ž .
1
qq1a b q1    b Ž .2 2ž /2
1 11 q 4.10  f  b a .Ž . Ž .1 p
q2 q 1Ž .
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Finally, we have:
3a  b a  3bŽ .Remark 4. Now, if we choose in 4.10  
 and  
 , then1 24 4
we get the inequality
1 f a  f b a bŽ . Ž .b
f x dx  fŽ .H ž /2 2 2a
1 11 q 4.11  f  b a .Ž . Ž .1 p
q4 q 1Ž .
5. SOME COMPOSITE QUADRATURE FORMULAE
 Let us consider the partitioning of the interval a, b given by 	 :n
Ža
 x  x    x  x 
 b and put h  x  x i
 0, . . . ,0 1 n1 n i i1 i
. Ž .   4n 1 and  h max h i
 0, . . . , n 1 .i
The following theorem holds:
   THEOREM 5. Let f : a, b  R be absolutely continuous on a, b and
k 1. Then we hae the composite quadrature formula
b
5.1 f x dx
 A 	 , f  R 	 , f ,Ž . Ž . Ž . Ž .H k n k n
a
where
n k11 k j x  jxŽ . i i1
5.2 A 	 , f  T 	 , f  f hŽ . Ž . Ž . Ý Ýk n n ik ki
0 j
1
and
n11
5.3 T 	 , f  f x  f x hŽ . Ž . Ž . Ž .Ýn i i1 i2 i
0
is the trapezoid quadrature formula.
Ž .The remainder R 	 , f satisfies the estimationk n
1
qn11
q1   R 	 , f  f  h ,Ž . 1 Ýpk n i
q ž /2k q 1Ž . i
0
1 1
5.4 p 1,  
 1.Ž .
p q
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  ŽProof. Applying Corollary 2 on the intervals x , x i
 0, . . . ,i i1
.n 1 we get
kx 1 f x  f x h k j x  jxŽ . Ž . Ž .i1 i i1 i i i1
f x dx h  fŽ . ÝH ik 2 k kxi j
1
1
px1 i111 q    h f  t dt .Ž .1 Hi ž /q x2k q 1Ž . i
Summing over i from 0 to n 1 and using the generalized triangle
inequality, we have
 R 	 , fŽ .k n
n1 x i1
 f x dxŽ .Ý H
xii
0
k11 f x  f x h k j x  jxŽ . Ž . Ž .i i1 i i i1  h  fÝik 2 k kj
1
1
n1 px1 i11 p1 q   h f  t dt .Ž .1 Ý Hi ž /q x2k q 1Ž . ii
0
By Holder’s discrete inequality we have¨
1
n1 pxi11 p1 q  h f  t dtŽ .Ý Hi ž /xii
0
1p1 q1
qn1 n1 pxq i11 p1 q   h f  t dtŽ .Ž .Ý Ý Hi ž /ž /xii
0 i
0
1
qn1
q1  
 h f  ,Ý piž /
i
0
and the theorem is proved.
The following corollary holds:
COROLLARY 7. Let f , 	 be as aboe. Then we hae the quadraturen
formula
1b
5.5 f x dx
 T 	 , f M 	 , f  R 	 , f ,Ž . Ž . Ž . Ž . Ž .H n n 2 n2a
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Ž .where M 	 , f is the midpoint rule, namely,n
n1 x  xi i1
M 	 , f  f h .Ž . Ýn iž /2i
0
Ž .The remainder R 	 , f satisfies the estimate2 n
1
qn11
q1   5.6 R 	 , f  f  h .Ž . Ž . 1 Ýp2 n i
q ž /4 q 1Ž . i
0
The following corollary also holds
COROLLARY 8. Let f , 	 be as aboe. Then we hae the formulan
b
f x dxŽ .H
a
n1 n11 2 x  x x  2 xi i1 i i1
 T 	 , f  f h  f hŽ . Ý Ýn i iž / ž /3 3 3i
0 i
0
5.7  R 	 , f .Ž . Ž .3 n
Ž .The remainder R 	 , f satisfies the bound3 n
1
qn11
q1   5.8 R 	 , f  f  h .Ž . Ž . 1 Ýp3 n i
q ž /6 q 1Ž . i
0
The following theorem also holds:
 THEOREM 6. Let f and 	 be as aboe. Suppose that 
  x , xn i i i1
Ž .i
 0, . . . , n 1 . Then we hae the formula
n1
b
f x dx
 
  x f x  x  
 f xŽ . Ž . Ž . Ž . Ž .ÝH i i i i1 i i1
a i
0
5.9  R 
 , 	 , f .Ž . Ž .n
Ž .The remainder R 
 , 	 , f satisfies the inequalityn
1
qn1 n11 q1 q1   R 
 , 	 , f  f  
  x  x  
Ž . Ž . Ž .1 Ý Ýpn i i i1 i
qq 1Ž . i
0 i
0
1
qn11
q1 5.10  f  h .Ž . 1 Ýp i
q ž /q 1Ž . i
0
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  Ž .Proof. Apply Proposition 1 on the intervals x , x i
 0, . . . , n 1i i1
to get
xi1
f x dx 
  x f x  x  
 f xŽ . Ž . Ž . Ž . Ž .H i i i i1 i i1
xi
1
p1 x1 i1qq1 q1 p  
  x  x  
 f  t dt .Ž . Ž . Ž .1 Hi i i1 i ž /q xq 1Ž . i
Summing over i from 0 to n 1, using the generalized triangle inequal-
ity, and Holder’s discrete inequality, we get¨
 R 
 , 	 , fŽ .n
n1 x i1
 f x dx 
  x f x  x  
 f xŽ . Ž . Ž . Ž . Ž .Ý H i i i i1 i i1
xii
0
n1 11
qq1 q1 
  x  x  
Ž . Ž .1 Ý i i i1 i
qq 1Ž . i
0
1
pxi1 p  f  t dtŽ .Hž /xi
1
qqn1 11
qq1 q1 
  x  x  
Ž . Ž .1 Ý i i i1 iž /
p ž /q 1Ž . i
0
1p p1
n1 pxi1 p  f  t dtŽ .Ý Hž /ž /xii
0
1
qn1 n11 q1 q1  
 
  x  x  
 f Ž . Ž .1 Ý Ý pi i i1 i
qq 1Ž . i
0 i
0
Ž .and the first inequality in 5.10 is proved.
The second inequality is obvious taking into account that
q1 q1 q1
  x  x  
  hŽ . Ž .i i i1 i i
for all i
 0, . . . , n 1.
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The following corollary contains some particular well known quadrature
formulae:
COROLLARY 9. Let f and 	 be as aboe. Then we haen
Ž .1 the ‘‘left rectangle rule’’
n1
b
5.11 f x dx
 f x h  R 	 , f ;Ž . Ž . Ž . Ž .ÝH i i l n
a i
0
Ž .2 the ‘‘right rectangle rule’’
n1
b
5.12 f x dx
 f x h  R 	 , f ;Ž . Ž . Ž . Ž .ÝH i1 i r n
a i
0
Ž .3 the ‘‘trapezoid rule’’
n1 f x  f xŽ . Ž .b i i1
5.13 f x dx
 h  R 	 , f ,Ž . Ž . Ž .ÝH i T n2a i
0
where
1
qn11
q1     5.14 R 	 , f , R 	 , f  f  hŽ . Ž . Ž . 1 Ýpl n r n i
q ž /q 1Ž . i
0
and
1
qn11
q1   R 	 , f  f  h .Ž . 1 ÝpT n i
q ž /2 q 1Ž . i
0
The following theorem also holds.
THEOREM 7. Let f and 	 be as aboe. If x   Ž1.  
   Ž2.  xn i i i i i1
Ž .i
 0, . . . , n 1 , then we hae the formula
n1 n1
b Ž1. Ž2. Ž1.f x dx
   x f x     f 
Ž . Ž . Ž .Ž . Ž .Ý ÝH i i i i i i
a i
0 i
0
n1
Ž2. Ž1. Ž2.5.15  x   f x  R 
 ,  ,  , 	 , f ,Ž . Ž .Ž . Ž .Ý i1 i i1 i i n
i
0
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where the remainder satisfies the estimate
Ž1. Ž2.R 
 ,  ,  , 	 , fŽ .i i n
n1 n11 q1 q1Ž1. Ž1.  f    x  
  Ž . Ž .1 Ý Ýp i i i i
qq 1Ž . i
0 i
0
1qn1 n1
q1 q1Ž2. Ž2.   
  x  Ž . Ž .Ý Ýi i i1 i
i
0 i
0
1
qn1 n11 q1 q1  f  
  x  x  
Ž . Ž .1 Ý Ýp i i i1 i
qq 1Ž . i
0 i
01
qn11
q1 5.16  f  h .Ž . 1 Ýp i
q ž /q 1Ž . i
0
 The proof follows by Proposition 2 applied on the intervals x , xi i1
Ž .i
 0, . . . , n 1 . We shall omit the details.
Ž  .The following corollary of the above theorem holds see also 4
  ŽCOROLLARY 10. Let f , 	 be as aboe and 
  x , x i
 0, . . . ,n i i i1
.n 1 . Then we hae the formula of Riemann’s type
n1
b
5.17 f x dx
 f 
 h  R 
 , 	 , f .Ž . Ž . Ž . Ž .ÝH i i R n
a i
0
Ž .The remainder R 
 , 	 , f satisfies the estimateR n
 R 
 , 	 , fŽ .R n
1
qn1 n11 q1 q1  f  
  x  x  
Ž . Ž .1 Ý Ýp i i i1 i
qq 1Ž . i
0 i
0
1
qn11
q1 5.18  f  h .Ž . 1 Ýp i
q ž /q 1Ž . i
0
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Ž . Ž .Remark 5. If we choose in 5.17 , 
 
 x  x 2, then we get thei i i1
midpoint quadrature formula
b
f x dx
M 	 , f  R 	 , f ,Ž . Ž . Ž .H n M n
a
where
1
qn11
q1   R 	 , f  f  h .Ž . 1 ÝpM n i
q ž /2 q 1Ž . i
0
The following corollary also holds
Ž . ŽCOROLLARY 11. Let f , 	 be as aboe and 
  5x  x 6, x n i i i1 i
.  Ž .5x 6 i
 0, . . . , n 1 . Then we hae the formulai1
n11b
f x dx
 f x  f x hŽ . Ž . Ž .ÝH i i1 i6a i
0
n12
5.19  f 
 h  R 
 , 	 , f .Ž . Ž . Ž .Ý i i S n3 i
0
Ž .The remainder R 
 , 	 , f satisfies the estimateS n
 R 
 , 	 , fŽ .S n
q1n1 n11 1 5x  xi i1q1  f  h  
 1 Ý Ýp i iq ž /q 3  6 6q 1Ž . i
0 i
0
1
qq1n1 x  5xi i1
5.20   
 .Ž . Ý iž /6i
0
Ž . Ž .Remark 6. Now, if in 5.19 we choose 
 
 x  x 2, then we geti i i1
‘‘Simpson’s quadrature formula’’
n11b
f x dx
 f x  f x hŽ . Ž . Ž .ÝH i i1 i6a i
0
n12 x  xi i1
5.21  f h  R 	 , f ,Ž . Ž .Ý i S nž /3 2i
0
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Ž .where the remainder term R 	 , f satisfies the inequalityS n
1 1
qq1 qn11 2  1
q1   5.22 R 	 , f  f  h .Ž . Ž . 1 ÝpS n iž /q ž /36 q 1Ž . i
0
The following corollary also holds.
Ž1. Ž .COROLLARY 12. Let f , 	 be as aboe and x    x  x 2n i i i i1
Ž2. Ž .  x i
 0, . . . , n 1 . Then we hae the formulai i1
n1 n1 x  xb i i1Ž1. Ž2. Ž1.f x dx
   x f x     fŽ . Ž .Ž . Ž .Ý ÝH i i i i i ž /2a i
0 i
0
n1
Ž2. Ž1. Ž2.5.23  x   f x  R  ,  , 	 , f .Ž . Ž .Ž . Ž .Ý i1 i i1 B i i n
i
0
The remainder satisfies the estimate
Ž1. Ž2.R  ,  , 	 , fŽ .B i i n
n1 n1 q11 x  xq1 i i1Ž1. Ž1.  f    x   Ž .1 Ý Ýq i i iž /q 2q 1Ž . i
0 i
0
1
qn1 n1q1x  x q1i i1Ž2. Ž2.    x  Ž .Ý Ýi i1 iž /2i
0 i
0
1
qn11
q1 5.24  f  h .Ž . 1 Ýp i
q ž /2 q 1Ž . i
0
Finally, we have
Ž . Ž1. Ž . Ž2. ŽRemark 7. If we choose in 5.23 ,  
 3 x  x 4, and  
 xi i i1 i i
. 3 x 4, then we get the formulai1
1b
5.25 f x dx
 T 	 , f M 	 , f  R 	 , f .Ž . Ž . Ž . Ž . Ž .H n n B n2a
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Ž .The remainder R 	 , f satisfies the boundB n
1
qn11
q1   5.26 R 	 , f  f  h .Ž . Ž . 1 ÝpB n i
q ž /4 q 1Ž . i
0
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